A one-parameter family of time reversible Anosov flows is studied; physically, it describes a particle moving on a surface of constant negative curvature under the action of an electric field (corresponding to an automorphic form) and of a 'thermostatting' force (given by Gauss's least-constraint principle). We show that the flows are dissipative, in the sense that the average volume contraction rate is positive and the Sinai-Ruelle-Bowen measure is singular with respect to the volume: therefore they verify the assumptions for the validity of the continuous time version of Gallavotti-Cohen's fluctuation theorem for the large fluctuations of the average volume contraction rate. If several independent electric fields are considered, it makes sense to ask for the validity of Onsager's reciprocity: we show, by explicitly computing the relevant transport coefficents, that it is indeed obeyed.
1. Introduction 1.1. In the last few years much work has been dedicated to the clarification of the relationship between statistical mechanics and dynamical systems theory. Many microscopic models for macroscopic statistical mechanical systems have been introduced and studied both analytically and numerically. One of the main goals is to construct a theory for non-equilibrium statistical mechanics. This means that one typically introduces models describing the motion of particles in an external non-conservative field. A classical example is a particle in a billiard moving under the influence of a constant electric field. To prevent the energy of the system to grow unboundedly a mechanism to subtract it from the system must be devised. In this respect the so-called Gaussian thermostat (see Appendix A1 for more details) has also enjoyed a great deal of popularity because of its use in molecular dynamics simulations. An interesting property of this thermostat is that, although dissipative, it preserves the time-reversal properties of the system to which it is applied. In turn this makes such systems ideal for the checking of the chaotic hypothesis Electric fields on a surface of constant negative curvature 683 dissipation parameter (i.e. the average volume contraction rate) has non-vanishing second derivatives with respect to the fields' strengths which form a strictly positive defined matrix H (the first derivatives vanish by time-reversal symmetry so that for a small field this is enough to prove the positivity).
The derivatives of the average volume contraction rate are computed using a GreenKubo's formula derived heuristically in [15] and proven in [23] for diffeomorphisms. We think that there is no conceptual difficulty to extend the results in [23] to mixing Anosov flows, also using the proof in [7] for the decay of correlation functions which covers the case of the geodesic flow we are considering.
In the remaining part of this section we give a mathematical definition of the model described above, and state the main result of the paper. In §2 we introduce a more convenient system of coordinates, by following [9] , and in §3 the positivity of the average volume contraction rate, at small fields, is shown. It is natural to think that the positivity holds at all fields; however, our perturbative method cannot deal with fields that are not small (in general the system is no longer an Anosov system when the perturbation becomes too large). In §4 Onsager's coefficients, which form the entries of a matrix L, are computed and shown to be the entries of the (symmetric) matrix H , so that Onsager's reciprocity relations are explicitly verified.
1.2.
Let C + be the upper complex semiplane: the most general compact analytic surface of constant negative curvature is 0 = C + / , where ⊂ PSL(2, R) is a hyperbolic Fuchsian group; the surface 0 can be identified with a fundamental domain of , with the opposite sides identified modulo (we refer to [9, 11, 18] for notations). The system is described by the equations of motion (see [8] for the analogous billiard model, and the analogy becomes quite clear if one thinks of the billiard motion as a motion on a surface whose curvature is zero except for a negative delta-singularity in correspondence of the boundaries)
where z = x + iy ∈ 0 , and the 'electric field' E ≡ (E x , E y ) is given by
is an automorphic form of order 1, [11] , and φ 1 (z) is an antiautomorphic form of order 1, which is the complex conjugate of the corresponding automorphic form (there are g of both of them, if g is the genus of the compact surface associated to ; see [21, §2.1 and §2.5]); this means that, if h ∈ PGL(2, R) and
So the (non-conservative) potential is
where is a curve in 0 linking a (arbitrary) point z 0 to z; the potential is multivalued on 0 . Note that (1.3), the analyticity of the automorphic forms on the upper complex semiplane and the property d(zγ ) = j (z, γ ) −2 dz ensure that the function (1.2) is covariant and locally conservative (its integral over a small closed path, also crossing the boundary, is vanishing), so motivating the fact that it can be interpreted as an electric field. In (1.1) the function α will be chosen in such a way that
is a constant of the motion (i.e. we assume that the particle moves under the constraint that the kinetic energy is a constant of the motion and the constraint is realized as an ideal one, that is it generates reactions obeying Gauss's least-constraint principle, [14, 20] : see Appendix A1). Then one finds 5) so that the volume contration rate (i.e. the divergence of the right-hand side of (1.1), up to the sign; see Appendix A2) is
Note that the equations of motion (1.1) are reversible: the time-reversal symmetry is obvious, namely (p x , p y ) → (−p x , −p y ) and (x, y) → (x, y); see Appendix A3 for the (interesting) form that the symmetry takes in the other coordinates that we introduce in §2. Equations (1.1) describe a geodesic flow on a surface of constant negative curvature, 0 , subject to the action of a non-conservative electric field and coupled to a Gaussian thermostat which keeps constant the free energy of the system. With the units of (1.4), the curvature is κ = −1.
The main result of this paper follows. Finally the existence of several independent electric fields (if the surface genus is g ≥ 2) allows us to ask the question: 'are Onsager's reciprocity relations and, more generally, Green-Kubo's formulae verified?' for the appropriately defined thermodynamic fluxes. The answer should be affirmative as discussed informally in [14, 15] : this can indeed be easily checked in our case (see §4).
It would be interesting to also prove the dissipativity for a system of N particles moving on the surface 0 under the influence of the electric field (1.2) and subject to Gauss' leastconstraint principle. Nevertheless, despite the fact that the volume contraction rate assumes a very simple expression such as (1.6) for the one-particle system (1.4) (see Appendix A4), we are not able to extend our methods to cover such a case; see also the end comments in Appendix A4.
Electric fields on a surface of constant negative curvature 685 2. A global system of coordinates 2.1. If w ∈ C + and h ∈ PGL(2, R), then we write, following [18] ,
The coordinates (q 1 , q 2 , p 1 , p 2 ) and the matrix g ∈ PGL(2, R) are defined by the transformation [9] ,
given by
which can be rewritten as
by taking into account that one has
and that the definition of j (z, h) given before (1.3) implies
The transformation (2.2) defined by (2.3) is canonical [9, Appendix D] , and provides a global system of coordinates on the phase space of the geodesic flow deprived of the points with zero velocity, if the elements in PGL(2,R) are identified modulo [9, §4] . In terms of the new variables, the Hamiltonian becomes (see [9] )
Then, from (1.6) and (1.2), one has
.
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where we have set D ≡ det g = constant, and 12 ), the equations of motion can be written asġ
with
Then, given a smooth function F ∈ L 2 ( \PSL(2, R)), one has the evolution law
. By taking into account the definition of the functions (see [9, §4] )
one has
(2.14)
3. Positivity of the volume contraction rate 3.1. Let us denote by · the average with respect to the SRB measure of the perturbed system and by · 0 the average with respect to the SRB measure of the free system (which is the volume measure). The derivatives of σ with respect to ε are well defined in the case of diffeomorphisms, [23] ; as we stated in §1.1, we assume the extension of the proof to the case of flows.
Then the solution of the equations of motion can be written as
where g 0 (t) = ge −σ z Dt/4 is the solution of the equations of motion of the unperturbed system with initial data g, (see (2.10) for ε = 0), and, from (2.7), one has σ (g(t)) =
. From reversibility and [23] †, † One applies twice [23, Theorem 3.1(b)] in order to compute the second derivative of σ , and then evaluates it in ε = 0. Reversibility is used to conclude that σ 1 ( · ) 0 = 0, so that, in particular, the first derivative is vanishing.
one reads (if S t denotes the time evolution of the perturbed system, and S t 0 denotes the time evolution of the free system)
where dg denotes the SRB measure of the free system in terms of g (which is the normalized Haar measure on \PSL(2, R)).
3.2.
Because of (3.1), one has
Let U be the unitary representation of PSL(2, R) on L 2 ( \PSL(2, R)) induced by the action of PSL(2, R) on the homogeneous space \PSL(2, R),
and Y (1) the U -invariant subspace of L 2 ( \PSL(2, R)) on which the representation acts irreducibly spanned by U(h)E 1 , with h varying in PSL(2, R), [18] . Since
whereŶ (1) can be realized as the subspace of L 2 (C + , dx dy) consisting in the functions analytic in x +iy ∈ C + [18] ; therefore the identification of E 1 ∈ Y (1) as a vectorÊ 1 ∈Ŷ (1) [18] ,
where z 0 (t) = ig
One has
πe Dt (e Dt/2 + 1) 2 , and so, from (3.2),
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As σ = 0 for ε = 0, one has that, for ε = 0 small enough, σ + ≡ σ > 0, i.e. the system 
where ε 1 , . . . , ε M are the fields intensities, and the M × N matrix e ij is real. Then the resulting electric field is given by the superposition of the M electric fields (4.1), i.e.
and the volume contraction rate is σ = p −2 (p · E).
4.2.
The second derivatives of σ with respect to the fields intensities ε 1 , . . . , ε M , computed in ε 1 = · · · = ε M = 0, define a matrix H . We consider also the matrix L given by
By repeating the analysis of §2 and §3, and taking into account: (1) the fact that the functions in L 2 ( \PSL(2, R)) corresponding to the automorphic forms of order 1 through (2.14) are orthogonal to each other, and admit all the same realization (3.4); (2) the results in [23] ; and (3) the reversibility of the equations of motion, one finds (see [15] ) [17] . Note also that L is just the second-derivatives matrix of the average volume contraction rate, i.e. L = H , if H ij = ∂ 2 σ /∂ε i ∂ε j , so that (4.3) shows that H is positive definite: then the system is dissipative.
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Appendix A1. Gauss' least-constraint principle A1.1. The system described by the Hamiltonian (1.4) can be obtained (locally) from a free system in the Euclidean space R 3 , with the constraint that
one can think that this equation describes the pseudosphere, i.e. the surface obtained by rotating about the asymptotic the Beltrami tractrix (so that it has constant negative curvature), [5] . Such a system can be described by the Lagrangian 
is such that
and which can be rewritten, if one defines the 'momentum' 12) which are the Euler-Lagrange equations corresponding to the Lagrangian (A1.6).
and (iii) the potential W (X(q)) is such that
¾ A1.4. Let us apply Gauss' least-constraint principle to the system (A1.1) subjected to the action of an electric field x 2 , x 3 ) ), (A1.13) and then take the limit λ → ∞; the field will be chosen in a suitable way to be fixed later (see (A1.18) below). One has that the equations of motion become (see [14, Appendix A1])
with α = (ẋ ·Ẽ)/ẋ 2 . Note that α has the same form independently of W . When the limit λ → ∞ is taken, instead of the equations (A1. 19 
which can be rewritten, if one takes into account again the definition (A1.11), aṡ
Then one defines the electric field in (A1.13), in such a way that, on the surface so that also equation (1.5) follows. † For instance, on the surface q 3 = 0, one can set in (A1.7), which, in terms of the coordinates introduced in (2.1), becomes
which shows the invariance of the equations of motion under the action of the map Á.
Appendix A4. Many-particle system A4.1. Let us consider a system of N particles on 0 , with the free Hamiltonian where z n = x n + iy n ∈ 0 , and the 'electric field' E n ≡ (E nx , E ny ) is given by (1.2) evaluated in z = z n . In (A4.2) the function α has to be chosen in such a way that (A4.1) is a constant of the motion, that is
so that the volume contration rate (i.e. the divergence of the right-hand side of (A4.2), up to the sign) is 
with g n ∈ PGL(2, R) for all n. Then from (A4.4) and (A4.5) one obtains that, in terms of g 1 , . . . , g N ,
and, for all n,
so that (A4.3) becomes
where, in the last line, we have taken into account the definition (2.14) with g replaced with g n . Even if the initial decoupled systems are N Anosov systems, the interacting system is no longer an Anosov system (the available volume is different from the original). This is also reflected in the fact that the representations of the functions E 1 (g n ) are realized in disjoint spaces, so that the analysis in §3 cannot be repeated. Therefore, nothing can be concluded with the methods of §3. 
where
) is a function with components periodic on T 2 . The volume contraction rate σ is defined as the logarithm of the absolute value of determinant of the Jacobian matrix (see Appendix A2):
so that, if: (i) · and · 0 denote the average with respect to the SRB measure, respectively, of the perturbed system and of the free system (the latter is the volume where σ 1ν is the νth Fourier coefficient of σ 1 :
The series in (A5.4) is well defined (i.e. convergent), see [23] . With fixed ν the other sum runs over all the integers n such that to S n 0 ν there corresponds another Fourier coefficient of σ 1 : in general such a sum will not be empty, so that in general the expression in (A5.4) will be not vanishing (and therefore positive), as a consequence of [22] †.
A5.2.
As a concrete case we can consider a perturbation as in (A5.1), with which shows that for ε small enough the volume contraction rate is positive, i.e. the system (A5.1) with perturbation (A5.5) is dissipative. The system (A5.1) is not reversible, but a reversible system can be easily constructed as explained in [13, §2] : if (T, S) is the system (A5.1), then we can define a new system (T × T, S ), such that S (x, y) = (Sx, S −1 y),
